INTRODUCTION
The strength of an arch dépends on its shape, that is the shape of its mideurve and its cross section. As a matter of f act, the dependence on the midcurve is much more complicate than the cross section. This is what we are interested in here. The cross section could be added easily.
In référence [1] , we have studied the differentiability dependence of the static response of an arch with respect to the shape of its midcurve.
In this paper, we study the dependence of the buckling load of a nonshallow arch with respect to the shape of the midcurve. The model we consider is the simple Eulerian buckling one : the prebuckled state comes from the linear model, the buckling équation is an eigenvalue équation.
It is now well known that in optimization problems involving eigenvalues, these may be repeated at the optimum [2] . A genera! account of perturbations theory of eigen-elements may be found in [3] ; these gênerai results may be used to obtain semi-differentiability of repeated eigenvalues in shape optimization [4] ; related results may be found in [5] and [6] ,
In référence [7] , we have proved a gênerai resuit of dependence of eigenvalues and eigenvectors of a linear operator with respect to a functional parameter. We have used this result to study the dependence of the buckling load of a beam with respect to its thickness. In this paper, we use this gênerai result for the arch problem.
The eigenvalue problem is self-adjoint. It has a compactness property, like in the beam case. But the dependence on the midcurve is much more complicated that the dependence on the thickness in the beam problem. Moreover, the buckling équation dépends on the prebuckled state, which dépends on the midcurve shape.
In paragraph I, we briefly recall the origin of the buckling model we work on.
In paragraph II, we describe the set of eigenvalues of the problem, and prove that there is a smaller one in modulus.
In paragraph III, we study the differentiability. Paragraph III. 1 recalls the results of référence [7] we use. Then, in paragraph III.2 we prove the directional differentiability of the eigenvalue if it is multiple, its Fréchet differentiability if it is simple. Then we show how to lead a numerical computation of this derivative. 
R R(v) S 3 ;u,v)= \ [Ce{u) e(») + DK(u) K(v)]S(x) dx e(v)Q(y)z(z)](x)S(x)dx q>, u^). y, z)
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I. RECALL OF THE BUCKLING MODEL
An elastic system is in a stable equilibrium position for a displacement field which minimizes its energy.
Let V be the space of admissible displacements and ïl(v) the energy of the system for a displacement field v e V. A displacement field u is a stable equilibrium if :
ïl(u + v)>Il(u) Vi> s V, v^O.
We suppose that this energy dépends smoothly on v, and we expand it with the Taylor formula : where : < . , . ) is the inner product of V .
A necessary condition for u to be a minimum is :
dn(u).v=0
Vi?eV which is the classical Euler equilibrium équation.
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If for a solution u of this équation the quadratic form t? i-> (d'faiu) .v,v) is positive definite, then u is effectively a (local) minimum of n, and the equilibrium is likely to be stable.
The system is now submitted to a loading \ ƒ, where ƒ is a given référence loading, and \ e R. When X is close enough to 0, we suppose that the equilibrium équation has one and only one solution u x , When | X | increases, as long as the quadratic form (d 2 U(u K ) . u,u) keeps positive definite, u x is a stable equilibrium. But, if there exists a X* with smallest modulus such that the quadratic form stops being positive definite, unless the second and third order terms in the expansion of Tl(u x * + v) are zero, u x * is no more a stable equilibrium position. X* is the buckling load.
Generally, buckling problems are bifurcation problems.
In this work, we use the classical model in which approximations are done which make X * be an eigenvalue of a linear operator. These approximations are of two kinds : 1. The energy functional is chosen as a cubic functional, so that its second derivative is a first degree polynomial in u. 2. The Euler equilibrium équation is linearized. lts solution dépends linearly on X :
where u is the displacement field for the loading ƒ in the linear model.
Let us now come to the arch problem. Let o) be a plane curve, graph of y = <p(x), x e [0, 1]. <p is supposed to be of class W 3 ' 00 (3 times differentiable in the sense of distributions, with a bounded 3rd derivative). o> is the midcurve of an arch with thickness h. We suppose that it is attached at x = 0 and x = 1 but not clamped (for instance). This displacement field v(x) of a point of abscissa x of the loaded arch is decomposed on the basis (t (x), n(x)) of the unit tangent and normal vectors : For the loading ƒ we dénote L(v) the virtual work of the exterior forces, in the displacement v, This virtual work dépends linearly on the loading. So, if the loading is \f, the virtual work in the virtual displacement is \L (v) . The eneigy functional we consider at a first step is the following :
where :
(E is the Young modulus of the material)
is the curvature of a> (membrane strain ) (rotation of the normal )
This functional is of fourth degree in v. We approximate â(v, v) by its 3rd degree approximation â(v), and get the energy functional :
with :
The linearized equilibrium équation is then :
We notice that u x = \u, where u is the solution of : 
where a is defined before ? u is the solution of (I.l')> and b is defined by :
Vu,y,zeF: 6(i?;y,z) = P C[e(t>) 6(y) 8(z) + 6(v) e(y) 6(z)+ (which is linear in t? ? y, z). The buckiing load is the number X* of smallest modulus (if it exists) such that there exists y E V, y ^ 0 such that :
We have the following property : 
').
This is the direct application of lemma LI to the arch energy functional. (Notice that it should be a(y, z) = -\* b(u ;y, z) but these 2 problems have the same set of eigenvalues).
• Now, to end this modelization paragraph, let us précise the space V of admissible displacements.
The linear equilibrium équation is classically posed in the space :
It is known that it has one and only one solution (réf. [8] ). The büinear form a is symmetrie, continuous coercive on V x V.
On the other side, for any v e V, the trilinear form b(v ;y,z) is well defined on V x V x V. This is because : 
So X is an eigenvaiue. We wiii cali it an eigenvalue of the problem :
II. DESCRIPTION OF THE EIGENVALUES
The first thing we have to do is to prove the existence of a smallest eigenvalue (in modulus) of the problem :
where u e V is the unique solution of the équation :
As u is fixed in V, we can dénote : and we have to study the eigenvalues of the problem :
This has been done in référence [7] , in a genera! abstract frame. Let us recall the result of référence [7] we are going to use : V : is a Hubert space with inner product < . , • ) a : V x V -> IR is bilinear, symmetrie, continuous, coercive, Both are selfadjoint. The first one is positive invertible. Référence [7] shows that if B : V -> V is compact, then the set of eigenvalues of
is made of a séquence of non zero real numbers, which goes to infinity. So there exists an eigenvalue with smallest modulus. Also an eigenvalue is necessarily of finite multiplicity.
The main idea leading to this result is to consider the square root S of A, which is invertible like A, and the operator K = S' 1 BS' l which is compact. It is clear that :
= -z
This relates the eigenvalues of our problem to the eigenvalues of the operator K. Then, as K is compact and selfadjoint, the properties of its spectrum are well known (see ref. [9] ). Let us mention that if the bilinear form b is neither positive nor négative, there can be eigenvalues of both signs. We are just sure that O is not an eigenvalue because A is injective.
So, for the arch buckling problem, we have to check that for the given u, the bilinear form :
is symmetrie, continuous, and that the associâted operator B is compact, vol. 24, n° 3, 1990 The hypothesis on a is known to be satisfied, b is obviously bilinear symmetrie.
II. 1. Continuity of b
The form :
is trilinear. We prove that it is trilinear continuous, which will prove that b is continuous. This is a conséquence of the following lemma.
LEMMA II. 1 : For any y e V, we have :
iii) e(y)eL^and \\Q(y)\\ L «, =s C \\y\\ v . 
Proof: i) e (y) = -y' + -
b(v ;y,z) = b x (v ;y,z) + b 2 (v ;y,z) + b 3 (v ;y,z) with bi(p;y,z) -f' C[s(v)Q(y)Q(z)](x)S(x)dx b 2 (v;y,z)^ | C[e(v)e(y)e(z)](x)S(x)dx b 3 (v;y,z) = f' C[B(v)B(y)s(z)](x)S(x)dx.
Jo
We can write : V £+ H (with compact injection ) .
We suppose that the functionaly, z t-^ b(y , z) : V x V ^ R can be extended in : which is bilinear continuous. Then the operator B is compact.
Proof: Let H' be the topological dual space of H. From the Riesz theorem, there exists a linear continuous operator :
Let us consider the canonical injection :
The fact that b is an extension of b can be written : with compact injection. This implies that :
The functional b could obviously be extended to V x H if the highest derivative of z x and z 2 , which are z\ and z**, would not interfère. We can write
vol. 24, n° 3, 1990 The only term in which a highest derivative of z appears is Z> 4 . In order to deal wit h it, let us integrate by parts. This is possible because (see ref. [9] , p. 131) :
In our problem :
Vy, z e F we have :
Now, we can define for y e V, z E H This ends the proof of the proposition IL 4.
• Remark : In this proposition, u was the solution of the static problem :
As a matter of f act, we have only used the property u e V. So, we have proved that if we dénote :
is nothing but B(u).
We have now seen that
i) The functional a is bilinear symmetrie continuous, coercive.
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ii) VueF, the functional y,z*-»b(v;y 9 z):V xV -+R is bilinear symmetrie continuous.
iii) The operator B associated to b(u ; y, z) -5(y, z) is compact. So, with référence [7] , we know that the set of eigenvalues of the problem :
is a séquence of real non zero values, which goes to infinity. There is one smallest eigenvalue in modulus, which is the buckling value of the arch.
III. DIFFERENTIABILITY WITH RESPECT TO THE MIDSURFACE
Now we would like to change the shape of the midsurface <o of the arch, and follow the variations of the buckling value.
More precisely, co is known as the graph of a function 9 : [0, 1] -• R. cp has been chosen in the space W 3ïOO (]0, 1[), which from now on will be denoted W • 9 is going to be a variable, belonging to an open subset 4> c W . cp will be called the shape of the arch. The buckling value is then a function of cp. We are going to prove that it is Fréchet differentiable if it is simple, differentiable in a weaker sense that we will précise later if not.
In order to study the dependence in 9, we dénote now :
e(cp;tO for e 00 e(cp;i>) for 0 (1;)
When v e V is fixed, e, K and 6 depend on cp through 5, -, -and their first S R derivatives with respect to x. Moreover, we dénote :
For a given shape 9, the displacement field at the equilibrium is the unique solution Uy e V of :
In référence [1] , it has been proved that the mapping : he buckling value X(ç) for the shape 9 is the smallest eigenvalue in modulus of the problem.
;y ,z)
VzeF.
The differentiability result we are going to give is an application of a gênerai result given in référence [7] that we recall now. 
III. 1* Recall of gênerai results

III. 1.1. Définitions and differential notation
• ty> y) -9 (y* y) --r-9 VP> y) • ty
7 z' s regularly locally convex (resp. concave) if it is uniformly semidifferentiable and locally convex (resp. concave).
This is a notion of differentiability which is weaker than Fréchet-differentiable, and which is useful in optimization, because one can dérive hecessary optimality conditions from this derivative. Now, we recall the results of référence [7] that we will use : So we also know that A(<p) and B(<p) are Fréchet-differentiable with respect to 9.
III. 1.3. The results
What follows has been proved in référence [7] : 1.
-
7-K(<p).^ = ^-Av>yvy<*
;y 9 ,^).*-^r(«P)|^(9;
09
. 5(9 ; y 9 , y 9 ) = - We know that the bilinear forms a and b of the arch problem satisfy the hypothesis required in III.l except for the differentiability conditions with respect to 9. We notice that the linear operator B(q>) e J §? (V) associated to b by: 5(9 ;y,z) = 6(<p, u v ;y 9 
z) = (B(<p).y,z)
Vy,zeV is nothing but the operator B studied in II.2. So it is compact. Thus, we now have to check that the bilinear forms a and b are differentiable with respect to 9.
The bilinear form a has been studied in details in référence [1] . A differentiability proof as well as a way to compute numerically -(9 ;ƒ, z) . i|/ is given in the paper. So, we now concentrate on the 89 differentiability of b (9 ;. , . ).
We have defined :
5(<p ; y, z) = 6(9, u 9 ;y,z) Vy,z eV .
For any 9 G <ï > and v eV, there exists a linear operator 5(9, v ) e Jg? (V) such that :
b(<ç> 9 v ;y,z)= (B(<p,v) .y,z)
and of course :
According to lemma III. 2, study ing the differentiability of b is equivalent to study the differentiability of : Also, B dépends implicitely on 9 through u 9 . But we know (ref. [1] ) that the mapping :
is Fréchet differentiable. So we will study the differentiability of B (9) using differentiability properties of the mapping. Proof: We will differentiate ^(9) = 5 (9, w^) using the composition of the mappings :
<p »-> u 9 : <ï > -> V and : p, 1;) : <ï>x V-> j
We know that the first one is differentiable. We have to check that the second one is differentiable with respect to the pair (9, v) . (e(i|i) -> 0 when v| / -, 0 ) then 5 is Fréchet-differentiable with respect to the pair (9, f). Condition 2) can be interpreted as the fact that the partial differential of B with respect to v dépends continuously on 9. Now, using lemma III.2, conditions 1) and 2) can be translated on the functional b.
Condition 1) is equivalent to :
Vu, y, z e V there exists -(9, v ; y, z). i|/ s.t.
69
(H2Ô) | Condition 2) is equivalent to :
VÎ/ e y , Vy, z G y , the mapping 9 »-» Z? (9, 1? ; y, z ) dépends continuously on 9 and :
These new 2 conditions are of course implied by (H1&) and (H2è) given in this lemma. We notice that these hypothesis are stronger than necessary. Then B can be differentiated like a composed function, by the chain rule. •
III.2.2. Differentiation of 9 >-> 6 (9, t? ; y, z )
In this paragraph, we show that the mapping 9 »-> b (9, .;.,.) is differentiable in the space of trilinear continuous functionals, or, in other words, that :
Vv,y, z e V there exists -(<P,v;y 9 z).ty s.t. 
is Fréchet-differentiable and :
(1) ^Uv).* = t(f\g)
where ƒ' dénotes -ƒ (9) . \\t d<p The differentiability of these 3 functions from <ï > c W = W 3 ' x into L 00 has been studied in details in référence [1] , It has been proved that they are Fréchet-differentiable and the computation of their derivatives is given. We notice that these 3 functions require 9, 9% 9** but not 9***. So each of them, as well as their derivatives with respect to 9 belong to W 1 ' 00 . In order to differentiate b, we first differentiate e(<p, y) and 6(9, y). The proof is the same as lemma III.7. 
X 5 /
Then we know that
VfeH 1
This gives :
The same estimation can be done on 8^ 0(9, y ). We have denoted : S' for 9 E (u ) for e (9, Ï; ) (similar for 9 ) e'(ü) for - (<p,v) .ty (similar for 6 ).
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vol. 24, n° 3, 1990 Proof: we have seen before that :
p, v ;y,z) = ^(9, » ; y, z) + Z> 2 (9,» ;y, z) + 63(9, u ;y,z).
By symmetry, we only need to work on one term.
We can write : The differentiability of the buckling value cornes from the gênerai result of paragraph III. 1 applied to the functionals a and b of the arch model. We have seen that these 2 functionals fulfill the hypothesis required for theorem III.3 and corollary III.4.
Before giving the complete result for the buckling problem, we notice that the differentiation of X(<p) = \J (<p) or \(<p) = Xf (<p), would they be simple eigenvalues or multiple ones, requires the computation of: v*l>) = ~ (<p \y 9 ,y 9 ).
* 
1) a) If it is positive, it is regularly locally concave and :
\'(<p,i|i)= Inf /(«Pî^y^^-^Wr-^i^Jç). We are interested in the derivative of X(cp) in order to optimize the shape cp so that |X((p)| be as big as possible. This will have to be do ne using an algorithm adapted to regularly locally convex or concave functionals.
The For a given shape 9 these are computed by a finite element program (solution of linear équation, and computation of eigen values and eigenvectors). Then, for a given i|/, A(<p, y ç , *|i) can be computed. The only difficulty cornes from the very heavy formulas. This problem has already been faced at in référence [1] . In this référence, we have neaded to compute -(9 ; u, v ) . t|i and -(9 ; v ) . iji for given cp, u, v, i|i. We will use the same d<p ôcp organization hère, The basic idea is to use modular programmmg, in order to avoid to develop formulas. The program is a séquence of subroutines, each one calling previous ones. A(<p ? y 9 , i|/) is the intégral of a complicated function F(9, w 9? y 99 p^ ^). It is approximated by a quadrature formula :
and we need to compute F{y 7 u 9 , y 9 ,p 9 , ty)(x k ) numerically, for given jfcj «P> « 9Ï 3V ^9 ? 4^- The detail of the computation of the parts concerning -and Bip -is given in référence [1] , 3<p
Hère we give the detailed séquence of subroutines which is needed to compute the -(9 ; w , y^ y ) . 1( 1 term. 
CONCLUSION
A rigorous proof of directional differentiability of buckling load has been given in a functional space setting. Then a method of numerical computation of derivative is given, which can be used in an appropriate optimization algorithm.
